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Abstract. With increasingly popular marathon events in urban environments, such as in Lon-
don and New York City, structural designers are faced with a great deal of uncertainty when 
assessing dynamic performance of bridges occupied and dynamically excited by people run-
ning.  While the dynamic loads induced by people walking have been intensively studied since 
the infamous lateral sway of the London Millennium Bridge in 2000, reliable and practical 
descriptions of running excitation are still very rare and limited.  
This paper makes a step forward by bringing together a unique database of individual jog-
ging force records and their simple mathematical model which can be used in everyday de-
sign practice. The forcing data has been collected in Vibration Engineering Section 
Laboratory in the University of Sheffield using a state-of-the-art instrumented treadmill, 
which is commonly used in clinical studies of human gait and sports biomechanics. The mod-
elling strategy featuring Fourier harmonics of measured jogging force-time histories is 
adopted from a popular design guidelines for human walking excitation of structures. 
The results show a great scatter in the DLF data and no strong link with jogging footfall rate, 
which is the case with walking forces. This clearly suggests that traditional deterministic 
Fourier based approach is not the best modelling strategy for jogging loading. Uncertainty 
and inter-personal randomness of the force amplitudes indicate that stochastic - rather than 
deterministic models of jogging forces should provide more reliable predictions of the bridge 
dynamics. These forces could be modeled in a similar fashion as other key dynamic loading of 
structures characterized by great randomness and uncertainty, such as wind and earthquake. 
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1 INTRODUCTION 
In the last fifteen years substantial developments in workmanship and structural materials 
have enabled bridge engineers to promote much more slender designs than ever. As a result, 
modern bridges are at a considerable risk of developing resonance when occupied and dynam-
ically excited by people moving during ordinary activities, such as walking, jumping and run-
ning [1]. Excessive dynamic responses recorded worldwide on at least a dozen bridges of 
different structural forms and sizes under groups and crowds of active people clearly prove 
the point [2].  
While the loads induced by walking [3-7] and jumping [8-9] have been intensively studied, 
reliable and practical descriptions of jogging forces are still very rare and limited [10-12]. In 
the context of this paper, jogging refers to running at a slow or leisurely pace, usually slower 
than 10 km/h. Jogging is common in urban environments, hence brings a potential hazard to 
vibration serviceability performance of bridge structures.  
Much research into jogging forces has been in the domain of biomechanics as the contact 
forces between the feet and supporting ground (thus generally called ‘ground reaction forces’ 
- GRFs) provide useful diagnostics for medical and sports applications [13]. Medics intro-
duced instrumented force measuring treadmills which can be used to carry out even high-
speed running studies in very small laboratories [14]. However, no database of jogging forces 
in the form of continuously recorded signals has yet been found that can be used for develop-
ment of their statistically reliable analytical model for application in the civil engineering con-
text.  
The lack of fundamental forcing data and their reliable mathematical models has resulted 
in a total lack of formal design guidance regarding jogging/running excitation of bridges. The 
present study aims to change this situation by bringing together: (1) a comprehensive database 
of continuously measured vertical jogging loads generated by individuals on flat stationary 
surfaces, and (2) a simple mathematical characterisation of the measurements motivated by 
the Fourier-based modelling approach adapted from a popular design guideline for walking 
loading [15]. The models could be applied to cases of incipient instability, i.e. when vertical 
bridge motion is still not significantly perceptible to the jogger, and is ideally suited for con-
sidering cases of multiple joggers in a group or crowd.  
2 EXPERIMENTAL DATA COLLECTION 
The tests were carried out in the Vibration Engineering Section Laboratory in the Universi-
ty of Sheffield (UK). Continuously measured individual force records were collected on a 
state-of-the-art instrumented treadmill ADAL3D-F (Figure 1). 
 
 
Figure 1: Experimental setup. 
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Speed of the belt rotation (here also called ‘treadmill speed’) can be controlled and moni-
tored remotely either with a control panel or with bespoke software, run from the data acquisi-
tion PC. Similar to fitness treadmills, the remote control panel and the treadmill itself are 
equipped with a safety stop switch.  Rotational speed of ADAL3D-F belts is in the range 0.1-
10 km/h. 
All participants wore comfortable running footwear. Those who had no experience with 
treadmill jogging were given a brief training prior to the force collection supervised by a qual-
ified instructor. During each individual test, participants were asked to jog on the treadmill at 
a fixed speed. Pacing rate was not prompted by any stimuli such as a metronome, and it was 
determined only from subsequent analysis of the generated force signals (see Section 3). Each 
test was completed when at least 64 successive footfalls were recorded. Rests were allowed 
between successive tests.    
Acquisition of the force records started at the slowest self-selected speed at which jogging, 
rather than walking, is more comfortable. In 95% of test subjects processed, this speed was 
6.5 km/h. In each following test the running speed was increased by 0.5 km/h, until it added 
up to 10 km/h. 
 
 
Figure 2: An example of measured force signal: (a) force-time history and its Fourier (b) amplitude and (c) phase 
spectra calculated from 64 successive footfalls. 
In total, 24 volunteers (18 males and 6 females, body mass 68.3±12.2 kg, height 167.2± 7.1 
cm, age 24.2±7.6 years) were drawn from students, academics and technical staff of the Uni-
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versity of Sheffield. All together they generated 181 vertical jogging force-time histories of 
kind illustrated in Figure 2. In the remaining part of the paper, this unique database is used to 
provide their mathematical representation based on the Fourier series.  
 
3 DATA ANALYSIS AND MODELLING 
Measured force-time histories of human-induced loading are invariably near-periodic [1], 
indicating their narrow band nature (Figure 2b).  However, to simplify their mathematical rep-
resentations for design purposes, they are usually assumed perfectly periodic, deterministic 
and presentable via Fourier series [15]: 
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Here F(t) represents the total force at time t, with G representing the body weight in the 
same unit. A total of m harmonics are considered, capturing peaks αi from the Fourier ampli-
tude spectrum (Figure 2) at integer multiples of the footfall rate fj. In the literature, αi coeffi-
cients are commonly known as ‘dynamic load(ing) factors’ (DLFs). On the other hand, values 
of the phase angles φi have never been publicised in detail and are usually ignored in Equa-
tion (1). 
Fitting Equation (1) to the numerous database of jogging force records established in the 
previous section can provide a valuable insight into their inter-subject variability. Shapes of 
the histograms shown in Figure3a suggest that jogging footfall rate is not a normally distrib-
uted as in case of walking [7,16-18]. The normal probability plots in Figure 3b further proves 
the point. Moreover, fitting a wide range of other probability density functions, such as the 
family of skewed distributions [19], showed a lack of statistical significance.  
 
 
Figure 3: (a) Histogram of footfall rates and (b) the corresponding normal probability plot. 
Apart from the linear trend between jogging speed and footfall rate (ρ=0.39), Figure 4 il-
lustrates a large scatter of the running frequencies at fixed running speeds, and vice versa. 
This observation can play a key role in simulating reliably jogging excitation of bridges due 
to dense crowd situations (e.g. marathon events) where jogging speed of individuals in a 
crowd can be controled by spatial constrains and the crowd flow.  
Graphs shown in Figure 5 indicate that jogging force amplitudes generally increase as peo-
ple increase their footfall rate. Due to the apparently large scatter of the DLF values at a fixed 
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running frequency, their relationship cannot be described reliably as a deterministic function, 
such as the linear and polynomial curve fits suggested for vertical walking loads elsewhere 
[15,20]. Moreover, histograms of DLFs corresponding to a narrow range 0.1 Hz around the 
most frequent footfall rate in the sample fj =2.7 Hz do not resemble any known probability 
density function (Figure 6), which is a key condition for probabilistic curve fitting [19]. Also, 
there is no strong link between the fundamental DLF1 and DLFi (i≥2) of higher harmonics, as 
shown in Figure 7.  
 
 
Figure 4: Jogging speed vs. footfall rate. 
 
 
Figure 5: DLFs of the first four dominant harmonics vs. footfall rate. 
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Figure 6: Histograms of DLFs corresponding to the most frequent footfall rate fj=2.7 Hz. 
 
Figure 7: Fundamental DLF1 vs. (a) DLF2, (b) DLF3 and (c)DLF4. 
fj [Hz] DLF1 [-] DLF2 [-] DLF3 [-] DLF4 [-] 
<2.5 [0.514, 1.125] [0.031, 0.132] [0.013, 0.062] [0.013, 0.057] 
[2.5, 2.6) [0.476, 1.245] [0.039, 0.200] [0.016, 0.091] [0.010, 0.076] 
[2.6, 2.7) [0.475, 1.292] [0.040, 0.264] [0.018, 0.095] [0.008, 0.068] 
[2.7, 2.8) [0.591, 1.191] [0.044, 0.236] [0.009, 0.098] [0.006, 0.068] 
[2.8, 2.9) [0.613, 0.971] [0.052, 0.146] [0.031, 0.085] [0.008, 0.069] 
[2.9, 3) [0.820, 1.012] [0.070, 0.097] [0.051, 0.076] [0.035, 0.076] 
≥3 [0.820, 1.104] [0.070, 0.135] [0.051, 0.090] [0.035, 0.076] 
Table 1: Lower and upper bands of DLF values for the given range of jogging rate fj. 
All these results have demonstrated large inter-subject randomness of jogging forces which 
cannot be modelled reliably using the popular deterministic Fourier series approach. There-
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fore, this study suggests randomization of DLF values in Equation (1). For the given footfall 
rate, DLF amplitudes are calculated randomly and equally likely using parameters of uniform 
distributions summarised in Table 1.  
4 DISCUSSIONS AND CONCLUSIONS 
The lack of fundamental forcing data and their reliable mathematical characterisation are 
the key reasons for a total lack of a formal design guidance regarding jogging excitation of 
bridges. To change this situation, this interdisciplinary study first established a unique data-
base comprising 181 individual force signals collected from 24 individuals running on a bio-
medical instrumented treadmill at a wide range of speeds. The measurements are then fitted to 
the Fourier series model transferred and adopted from a popular contemporary design guide-
line on dynamic loads due to pedestrians walking. However, deterministic modelling ap-
proach was shown to be unreliable since the extracted force parameters are characterised by 
significant randomness. Therefore, the force parameters are described here using simple sta-
tistics.  
Being derived from the force data recorded on a stiff ground (i.e. treadmill), the current 
version of the model represents only jogging excitation of structures which do not vibrate per-
ceptibly, i.e. cases when they are not significantly affected by the structural vibrations. How-
ever, perceptible motion of the structure is just one type of cue or stimulus among several 
others affecting human-induced loads, such as different auditory, visual and tactile stimuli. To 
include all these parameters in the model, DLFs and footfall rate should be modelled as a 
function of bridge dynamic response, human perception to vertical vibrations and different 
external stimuli. To the best knowledge of the authors, experimental data necessary to accom-
plish this challenge is currently not available anywhere in the world. 
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